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Abstract
We calculate the one-point function of certain chiral operators, known as open Wilson lines,
in the holographic Nambu-Jona-Lasinio (NJL) model at finite temperature as well as finite
chemical potential for quark (baryon) number density. These operators are holographically
dual to Euclidean string worldsheets bounded by the flavor branes. Their one-point func-
tions can serve as order parameters for chiral symmetry breaking in these models. Analyzing
the behavior of the dual string worldsheets with respect to temperature and chemical poten-
tial (or quark density) enables us to determine how the order parameter depends on these
parameters.
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1 Introduction and Summary
QCD at finite quark density and temperature has a far more interesting phase structure than
at just finite temperature; see [1] for a review. For instance, depending on the number of
flavors, new phases such as color-superconductivity and color-flavor locked are believed to
emerge at moderate to high densities. While the phase diagram is well understood at zero
density and finite temperature, little is known at finite density and temperature, especially
in the regime of intermediate densities where QCD is strongly coupled. Needless to say,
understanding the phase structure of QCD at moderate densities will help us understand
the physics of the quark-gluon plasma produced at RHIC, as well as the physical processes
within the core of neutron stars. Unfortunately, lattice simulations are not yet applicable
for this regime. Our current field-theoretic knowledge in this direction comes from studying
Nambu-Jona-Lasinio (NJL) type models with the hope that they shed light on phases of
QCD for which the theory is strongly coupled (and gluon degrees of freedom seem to be
irrelevant). See [2] for a review of NJL models.
To model phenomena arising within strongly-coupled QCD, there is an emerging alter-
native approach based on gauge-gravity duality [3]. Although it is only for a large number
of colors Nc and large ’t Hooft coupling λ that one can do reliable computations using this
duality, experience over the past decade indicates that some of these results may be applica-
ble to QCD, which might lie within the same universality class of the theories being studied.
One model which shares a number of common strong-coupling features with QCD, such
as confinement and chiral symmetry breaking (χSB), is the Sakai-Sugimoto model [4], also
known as holographic QCD. The model consists of Nc “color” D4-branes which intersect Nf
“flavor” D8-branes and Nf D8-branes at two (3+1)-dimensional intersections, taken to be in
the x0−3 directions. The D8- and D8-branes are located at the antipodal points of a circle in
the x4 direction. Imposing anti-periodic boundary conditions for fermions around the circle
leaves the gauge bosons of the 4 − 4 strings massless but gives mass to their fermionic and
scalar modes. At the D4-D8 and D4-D8 intersections, there are massless Weyl fermions,
denoted ψL and ψR, which come from the Ramond-Ramond (RR) sector of the 4-8 and 4-8
strings and transform as (Nc,Nf ,1) and (Nc,1,Nf) of U(Nc)×U(Nf)×U(Nf), respectively.
The U(Nf) × U(Nf) gauge symmetry of the flavor branes is the chiral symmetry for these
Weyl fermions. At large Nc and large effective four-dimensional ’t Hooft coupling λeff , in
the probe approximation (Nf  Nc) the D8- and D8-branes are smoothly connected into a
U-shaped configuration whose interpretation is that the dual gauge theory, which is already
confined, is in a χSB phase.
Moving the flavor branes away from the antipodal points of the x4-circle leads to a
separation in the scales of χSB and confinement. Furthermore, taking the radius of the
circle to be infinite results in a model without confinement [5]. This non-compact version of
the Sakai-Sugimoto model is dual to a field theory which can be referred to as the holographic
NJL model. This model is interesting in its own right since, like the usual NJL models, it
enables one to analyze χSB holographically in a setting where confinement has been turned
off.
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These models have been generalized in a number of different ways, which have been found
to continue to exhibit similar behavior to QCD and NJL models. For example, temperature
can be added to the Sakai-Sugimoto model [6] and its non-compact version [7] by taking
the D4-branes away from the extremal limit. At high enough temperatures, the preferred
configuration is that of separated parallel D8- and D8-branes, which signals chiral symmetry
restoration (χSR) in the dual field theory. Including a finite baryon density in the field theory
is another generalization of these models which was studied in [8, 9, 10, 11, 12, 13]. Following
[14], the baryons themselves correspond to S4-wrapped D4-branes which are dissolved into
the flavor branes and appear as their worldvolume instantons [4, 15, 16, 17]. The phase
diagram of the Sakai-Sugimoto model at finite density and temperature has been partially
mapped out. To some extent, this shows a resemblance to the QCD phase diagram obtained
from analyzing field theoretic toy models.
Despite a fair amount of success, the Sakai-Sugimoto model and its non-compact ver-
sion have some serious shortcomings. For instance, one drawback of these models is that
one cannot write an explicit mass term for the localized fermions because there is no direc-
tion transverse to both the color and flavor branes along which to stretch an open string.
Moreover, although these are models of χSB, the order parameter for spontaneous χSB is
conspicuously absent. A promising proposal for how to modify these models in order to be
able to compute the χSB order parameter as well as incorporate a bare fermion mass has
been given by Aharony and Kutasov in [18] (see also [19] for related ideas). The idea is
that, in holographic QCD and the NJL model, the left and right-handed fermions ψL and
ψR are localized at different points in the χ-direction, so that even though ψ
†
LψR is charged
under the chiral symmetry it is not a gauge invariant operator. Hence, 〈ψ†LψR〉 cannot serve
as a χSB order parameter in these models. However, one can make a gauge-invariant op-
erator out of the left and right-handed fermions by inserting an open Wilson line between
them. The vacuum expectation value (vev) of this new operator, hereafter called open Wil-
son line operator, or OWL operator for short, is an order parameter for χSB. It was argued
in [18] that the vev of this operator can be obtained from the area of a Euclidean string
worldsheet bounded by the flavor branes. In other words, this Euclidean worldsheet is the
holographic dual of the OWL operator. The vev of the OWL operator was calculated in [18]
for the Sakai-Sugimoto and holographic NJL models at zero temperature and density where
a non-vanishing result was found. The proposal was then generalized in various directions in
[20, 21], including the effects of sub-leading corrections, temperature and background electric
and magnetic fields on the vev of the OWL operator.
Different regions of the phase diagram of QCD are associated with different condensates.
To determine, for example, in what regions of the phase diagram chiral symmetry is broken,
one has to analyze the behavior of the chiral condensate (the χSB order parameter) as a
function of temperature and density (or chemical potential) and see whether a non-vanishing
condensate minimizes the appropriate thermodynamical potential. As we alluded to above,
such analyses cannot easily be carried out for QCD at intermediate densities. Thus, it is
interesting to see whether holographic models can provide some results in this direction.
In this paper, we use the proposal of [18] to analyze how the χSB order parameter in
the holographic NJL model responds to turning on quark (number) density, or chemical
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potential, and temperature. Since this pertains to χSB, we expect the results obtained in
this paper to stay qualitatively the same for holographic QCD, as well. This is in analogy to
the case in field theory for which NJL models show, at least qualitatively, similar behavior
to QCD in regimes where confinement is of minor relevance.
This paper is organized as follows. In section 2, we review the holographic NJL model
at finite temperature and quark density (or equivalently, baryon density, when quark density
is divided by Nc). We discuss the various sources in the bulk which give rise to a density
in the dual field theory. Along the way, we find a new configuration where S4-wrapped
D4-branes are at a finite distance from the horizon (in fact, very close to the horizon),
and are connected to the flavor branes by finite-length fundamental strings. However, this
configuration is unstable against small radial fluctuations in the position of the wrapped
D4-branes, and also is less thermodynamically favored compared to other configurations
considered in this section.
In section 3, we calculate the χSB order parameter in the presence of finite temperature
and density using the proposal of [18]. In the probe approximation, when it comes to
calculating the χSB order parameter, the temperature manifests itself holographically within
the background geometry of the nonextremal D4-branes as well as in the boundary condition
on the Euclidean worldsheet dual to the OWL operator. The density or chemical potential,
on the other hand, only appears through the boundary condition on the worldsheet. We
first consider the case of zero temperature and finite quark (or baryon) chemical potential
µ. In this case, unlike the usual NJL model, the holographic NJL model cannot realize a
χSR phase, simply because the flavor branes always remain connected. There is, however, a
different kind of phase transition at some critical chemical potential µcr, which is at the order
of the baryon mass. This is a transition from a χSB phase with zero baryon density, for which
the configuration of flavor branes is U-shaped, to a χSB phase with non-vanishing baryon
density whose gravity dual is given in terms of a density of S4-wrapped D4-branes attached
to the flavor branes [11, 13]. To leading order in λeff , these S
4-wrapped D4-branes are
pointlike [15, 16]. Working within this approximation we show that, at the phase transition,
the χSB order parameter as a function of chemical potential is continuous, whereas its
derivative jumps. Using a combination of analytical and numerical techniques, we show that
for chemical potentials above but near µcr, the χSB order parameter decreases linearly with
µ but increases for larger µ. For µ < µcr, the order parameter is constant and equals its
value at zero chemical potential. At finite temperature and density, the situation is more
involved. At low enough temperature and chemical potential where the theory is in a χSB
phase with zero density, we find that the χSB order parameter increases with temperature
T as T 6, whereas it does not change with µ. Increasing µ while keeping the temperature low
causes the system to hit a critical chemical potential µcr(T ), beyond which it is in the χSB
phase with nonzero density [11]. Our computations show that in this phase the χSB order
parameter increases with T and initially decreases with µ but eventually increases with both
quantities. At high enough temperatures, the theory is in a χSR phase with non-zero density.
By an explicit calculation involving the global structure of the background geometry, we show
that the worldsheet dual to the OWL operator has an infinite area resulting, as expected,
in a vanishing χSB order parameter. On the T − µ phase diagram of the holographic NJL
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model, there is a tri-critical point where three aforementioned phases (χSB with zero density,
χSB with non-zero density and χSR with non-zero density) are equally thermodynamically
favored. Combining our analyses for each separate phase, we conclude that the χSB is
discontinuous at that point.
2 Holographic NJL model
We start this section by briefly reviewing the holographic NJL model and setting the notation
that will be used throughout the paper.
2.1 Zero temperature and density
Consider Nc D4-branes extended in the x
0−4 directions in ten-dimensional Minkowski space-
time R1,9. To this system, add Nf D8-branes and Nf D8-branes such that they intersect the
D4-branes at two (3 + 1)-dimensional intersections (defects), and are separated in the x4
direction by a coordinate distance `0 (see Figure 1a). Focusing on the defects, there are lo-
calized massless fermions which come from the RR sector in the 4−8 and 4−8 strings. These
fermions are chiral with respect to the U(Nf)×U(Nf) of the flavor D8- and D8-branes, and
transform as (Nf ,1) or (1,Nf). They are also in the fundamental of U(Nc). The left-handed
and right-handed fermions, ψL and ψR, interact via D4-brane gauge fields (and scalars). The
strength of the interaction is set by the dimensionless effective coupling λeff = λ5/`0.
Stringy effects are small when gsNc is small. In this regime, when λeff is small one can
write down an effective action for the left and right-handed fermions by integrating out the
gauge fields of the D4-branes, resulting in [5]
Seff =
∫
d4x (iψ†Lσ¯
µ∂µψL + iψ
†
Rσ
µ∂µψR)
+
g25
4pi2
∫
d4xd4yG(x− y, `0)
[
ψ†L(x) · ψR(y)
][
ψ†R(y) · ψL(x)
]
, (1)
where G(x−y, `0) is a (4+1)-dimensional scalar propagator. The dot in the square brackets
in (1) denotes contraction over color indices. The above effective action indicates that the
theory of the fermions at the defects is a NJL model where the four-Fermi interaction term
is non-local. In the regime in which the above action is obtained, Λ = `−1s is the cut-off
of the model. It was argued in [5] that, unlike the local NJL models where spontaneous
χSB happens only above a critical coupling, chiral symmetry is spontaneously broken at
arbitrarily weak coupling for the system of fermions described above. For large gsNc and
large λeff , the action (1) can no longer be trusted to provide a reliable description for the
dynamics of the fermions. Instead, this is the regime for which gauge-gravity duality can
be used to study the system. In order to do this, one can consider the flavor branes in the
near-horizon geometry of Nc extremal D4-branes, described by the metric
ds2 =
( u
R
)3/2 (
dt2 + d~x2
)
+
( u
R
)−3/2 (
du2 + u2dΩ24
)
, (2)
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Figure 1: (a) The D4-D8 and D4-D8 intersections in R1,9. (b) At large Nc and large λeff , the geometry of
color D4-branes is replaced by its near horizon limit and the preferred configuration of the flavor branes is
U-shaped, which signals χSB in the dual theory.
where dΩ24 is the metric of the unit 4-sphere. The characteristic radius of the geometry R is
related to the string coupling gs and string length ls by
R3 = pigsNcl
3
s = (4pi)
−1g25Ncl
2
s , (3)
where g5 is the dimensionful coupling of the low-energy theory of the D4-branes. There is
also a dilaton φ and an RR 4-form flux F(4) given by
eφ = gs
( u
R
)3/4
, F(4) = dC(3) =
2piNc
Vol(S4)
(4), (4)
where C(3) is a 3-form potential and (4) is the volume form of the unit S
4. The dynamics of
the bosonic degrees of freedom of the flavor D8-branes are determined by the Dirac-Born-
infeld (DBI) plus the Chern-Cimons (CS) action
S = SDBI + SCS = −µ8
∫
d9ξ e−φTr
√
−det(g + 2piα′F ) + µ8
∫ ∑
C ∧ Tr e2piα′F . (5)
Fab and gab in (5) are the field strength and the pullback metric, respectively. The D8-branes
(as well as the D8-branes) are extended in the {t, ~x, S4} directions and form a curve u = u(x4)
such that the asymptotic distance between the D8- and D8-branes is `0: u(±`0/2) = uΛ.
Since the dilaton grows with u, uΛ cannot take arbitrarily large values. Indeed, in order for
the supergravity approximation to be valid, uΛ has to satisfy uΛ  α′N1/3/g25 [22]. Since
the D8-branes are in the background of Nc D4-branes where only C(3) is turned on, the
Chern-Simons part of the action reads
SCS =
µ8
3!
∫
C3 ∧ (2piα′)3 Tr F ∧ F ∧ F = Nc
24pi2
∫
M4×R+
ω(5)(A), (6)
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where ω(5)(A) = Tr
(
AF 2− 1
2
A3F + 1
10
A5
)
is the Chern-Simons 5-form satisfying dω(5)(A) =
Tr F ∧ F ∧ F , and the integration on the right hand of (6) is over a five-dimensional space
M4 × R+ spanned by the x0−3 and u directions.
Analyzing the equations of motion coming from (5), one can set the gauge fields equal
to zero. The equation of motion for u = u(x4) then shows a U-shaped profile for the
flavor branes [5]. This U-shaped solution, which is energetically favored, is interpreted as
representing χSB, where at large u the U(Nf) × U(Nf) symmetry is manifest while at the
lowest position of the U-shaped profile there is just one U(Nf) factor (see Figure 1b). Thus,
the holographic NJL model at large Nc and at strong coupling, λeff  1, has a vacuum in
which chiral symmetry is broken.
2.2 Finite temperature and density
At finite temperature, one considers the flavor branes in the near horizon geometry of Nc
non-extremal D4-branes whose metric, in Lorentzian signature, is
ds2 =
( u
R
) 3
2
(
− f(u) dt2 + d~x2
)
+
( u
R
)− 3
2
( du2
f(u)
+ u2dΩ24
)
, (7)
f(u) = 1− u
3
T
u3
, uT =
(4pi
3
)2
R3T 2, (8)
where uT is the radius of the event horizon, T is the temperature of the black D4-branes,
and R is given by (3). The relationship between T and uT in (8) can easily be understood
by Wick rotating the metric in (7) to the Euclidean signature and demanding the geometry
to be regular at uT . The dilaton and the RR 4-form flux are the same as for extremal
background, and are given by (4).
At finite temperature, the analysis of the DBI action for the flavor branes shows two dis-
tinct profiles: parallel and U-shaped. The parallel profile represents flavor branes separated
from each other going down to the horizon of the background geometry. The field theory
interpretation of this solution is that the U(Nf)×U(Nf) chiral symmetry of the holographic
NJL model is unbroken. The U-shaped profile, on the other hand, represents connected fla-
vor branes which stay above the horizon. The dual interpretation of this solution is that the
holographic NJL model is in a phase with spontaneous χSB. There is a critical temperature
of TχSB ' 0.15 (in units of `−10 ) below which the U-shaped solution is the thermodynamically
preferred one1. For temperatures above TχSB, the parallel solution is favored, which results in
the restoration of the chiral symmetry of the holographic NJL model. This phase transition
is first order [7].
The U(1)B baryon symmetry in the holographic NJL model is associated with the U(1)V
subgroup of the U(Nf) × U(Nf) ' SU(Nf) × SU(Nf) × U(1)V × U(1)A symmetry of the
1Strictly speaking, there are two U-shaped solutions at small enough temperatures. One solution bends
closer to the horizon while the other one stays farther away from it. It turns out that the solution which
stays farther away from the horizon is always thermodynamically favored [7, 11, 23].
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flavor branes. To be more specific, the baryon number is defined to be N−1c times the
charge of U(1)V ⊂ U(Nf)V . The timelike component of the U(1) gauge field on the D8-
and D8-branes couples asymptotically to ψ†LψL and ψ
†
RψR, respectively. Thus, introducing
a chemical potential µ for the baryon number operator QB = N−1c (ψ†LψL + ψ†RψR) in the
holographic NJL model amounts to turning on the timelike component A0(u) of the U(1)
gauge field on the flavor branes and requiring that A0(∞) = µ on both branches. More
precisely, according to the standard gauge-gravity dictionary, the non-normalizable mode of
A0 gives the chemical potential while the normalizable mode is interpreted as the baryon
(quark) number density. In the rest of this paper, unless there is confusion, we will use the
baryon number density nB and the quark number density nq interchangeably, and sometimes
refer to them simply by the density. It is understood that nB = N
−1
c nq.
It is convenient to work with dimensionless quantities. We make {t, ~x, u} as well as A0(u)
dimensionless by scaling out factors of R and 2piα′ according to
t
R
→ t, ~x
R
→ ~x, u
R
→ u, 2piα
′
R
A0(u)→ A0(u). (9)
With the above rescaling, the metric takes the form
ds2
R2
= Gµνdx
µdxν = u
3
2
(
− f(u) dt2 + d~x2
)
+ u−
3
2
( du2
f(u)
+ u2dΩ24
)
, (10)
and T is now the dimensionless temperature given by
T =
3
4pi
√
uT . (11)
Also, to make the notation less cluttered, we denote the x4 direction by χ. Due to symmetry
considerations, we choose a purely radial ansatz for the timelike component of the U(1)
gauge field: A0 = A0(u). With flavor branes forming a curve u(χ) in the χ − u plane and
with A0 turned on, the action for the total configuration takes the form
S = −2NfC
∫ ∞
ut
duu
5
2
√
f(u)u3χ′2 + [1− A′02], (12)
where the primes on χ and A0 denote derivatives with respect to u, and ut is the lowest
radius to which the flavor branes descend. Also, the dimensionless constant C is given by
C =
µ8
gs
R9Vol(R4)Vol(S4), (13)
where Vol(R4) is the dimensionless volume of space spanned by the {t, x1, x2, x3} directions.
Varying (12) with respect to A0 and χ results in the following first integrals of motion:
d =
u
5
2A
′
0√
f(u)u3χ′2 + [1− A′02]
, (14)
cχ =
u
11
2 f(u)χ
′√
f(u)u3χ′2 + [1− A′02]
, (15)
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where d, in some units, is equal to the electric displacement on the the flavor branes and
cχ is a parameter which determines the shape of the flavor branes in the χ − u plane. It
is sometimes convenient to trade A′0 in the action (12) with d by performing a Legendre
transformation on the action. In so doing, we obtain
S = S − 2NfC
∫ ∞
ut
du A′0d = −NfC
∫ ∞
ut
du u
5
2
√(
1 + f(u)u3χ′2
)(
1 + u−5d2
)
, (16)
where we made use of (14). Solving for A0 in (14) and expanding the result in the asymptotic
region u→∞ yields
A0(u) = A0(∞)− 2
3
d
u3/2
+ · · · , (17)
which shows that d appears as the coefficient of the normalizable mode of A0. d is propor-
tional to the baryon number density nB = 〈QB〉 (or, the quark number density nq) while
A0(∞) equals the dimensionless chemical potential µ for the density.
We start the analysis of the above first integrals of motion (14) and (15) by first consid-
ering the parallel embedding of the flavor branes for which χ′ = 0, or equivalently cχ = 0.
In order for the induced metric on the flavor branes not to change sign in this embedding,
A0 should satisfy an upper bound of (A
′
0)
2 < 1. The physical meaning of this bound is
straightforward to understand: since Fut = A
′
0 is the radial electric field on the flavor branes,
the bound simply states that Fut must be less than a critical value in order to prevent
open strings on the branes from breaking up into pairs. Setting χ′ = 0 in (14), there is a
trivial solution A0(u) = constant for which d = 0. Since the near-horizon geometry of Nc
non-extremal D4-branes given by the metric (10) is static, the surface u = uT is a Killing
horizon. Indeed, it is a bifurcate Killing horizon at which the timelike Killing vector ∂t
vanishes [24]. This, in turn, implies that A0 must vanish at the horizon: A0(uT ) = 0. Thus,
this configuration of flavor branes represents a chirally-symmetric phase of the holographic
NJL model with no density turned on. In order to obtain a nontrivial density, one must turn
on a nontrivial (radial) electric field Fut = A
′
0 6= 0 whose lines end on a density of sources.
For a parallel embedding, the flavor branes intersect the horizon, and hence the electric field
lines on the branes can end there. Thus, one can think of the horizon as providing a density
of sources causing a nontrivial profile for the radial electric field on the branes. Solving (14)
for A0 for the parallel embedding, we obtain
A0(u) =
∫ u
uT
d√
u5 + d2
du, ⇒ µ =
∫ ∞
uT
d√
u5 + d2
du, (18)
where we set A0(uT ) = 0. Note that A0 as given by (18) satisfies (A
′
0)
2 < 1 for u > uT . If we
work in the grand canonical ensemble where T and µ are kept fixed, we then need to compare
the grand free energy Ω(T, µ) of the two above-mentioned parallel solutions (one with zero
density and the other with non-zero density) to see which one is thermodynamically favored.
Holographically, Ω(T, µ) is given by the Euclidean on-shell action of the configuration of
the flavor branes, appropriately renormalized. For parallel embeddings, Ω(T, µ) equals the
Euclidean continuation of (12), once χ′ = 0 and (18) is substituted in (12). Since both
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of these parallel embeddings have the same UV divergences, one can just subtract their
Euclidean on-shell actions, without bothering to renormalize them, and get a finite result.
Using (18), one obtains that for all T and µ, the parallel configuration with a non-vanishing
density is always favored.
For an embedding where the branes connect, one has χ′ 6= 0. There is a solution for
which χ′(u), for half of the configuration, say, where χ ∈ [0, `0/2], is a smooth single-valued
function of u. In this case, χ′(u) is given by (15), and A
′
0(u) = 0. This solution represents a
χSB phase of the holographic NJL model with zero density. To be more precise, for `0 less
than a critical value there are two such solutions, corresponding to two distinct values of cχ.
To study the holographic NJL model at finite density, an electric field on the flavor branes
must be turned on. To better analyze this case we use the u = u(χ) embedding for which
the action for the flavor branes reads
S = −2NfC
∫ `0/2
0
dχu
5
2
√
f(u)u3 + [(∂χu)2 − (∂χA0)2]. (19)
The first integrals of the equations of motion are
d =
u
5
2 (∂χA0)√
f(u)u3 + [(∂χu)2 − (∂χA0)2]
, (20)
cχ =
u
11
2 f(u)√
f(u)u3 + [(∂χu)2 − (∂χA0)2]
. (21)
As we alluded to earlier, in order to turn on a baryon chemical potential in the holographic
NJL model, the asymptotic value of A0 must be the same on both branches of the flavor
branes [13] which, by virtue of symmetry, means thatA0 is symmetric about χ = 0. Assuming
an everywhere smooth ∂χA0, one deduces that A0 at χ = 0 is an extremum, i.e. ∂χA0|χ=0 = 0.
From (20), this yields d = 0 with A0 being a pure gauge everywhere on the branes. In order
to avoid this trivial outcome, one can assume that ∂χA0 is discontinuous at χ = 0 [12], which
means that there is a density of charges located at χ = 0 providing a source (or a sink) for
the radial electric field lines. In the presence of this source, a smooth embedding of the flavor
branes can no longer be at equilibrium simply because there is no tension in the u-direction to
counteract the gravitational force exerted by the source. Thus, for a non-vanishing density
we discard smooth embeddings as they do not represent stable configurations. A stable
configuration may be obtained if the connected embedding has a cusp at some radial point,
say at u = ut, in which case ut and the opening angle of the cusp can be determined by
balancing the forces at the cusp.
Point-like D4-branes One possible source is fundamental strings attached, at one end,
to the flavor branes at u = ut. To obtain a net charge, the string configuration has to
connect at the other end to something other than the flavor branes. One possibility is that
the strings end on D4-branes to form a baryon vertex in the background geometry. These
D4-branes are extended in the {t, S4} directions and are at fixed points in the rest of the
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directions. The location of the D4-branes in the u direction can be obtained by extremizing
the on-shell action. Equivalently, if we assume that the D4-branes are at some u = uc, then
uc can be determined by requiring that the total tension in the u direction at uc vanishes
2.
We denote the number of these D4-branes by 2ND4 and their density by 2nD4 (where the
factors of 2 are just for later convenience) such that ND4 = nD4Vol(R
3). Since the gauge
fields on the worldvolume of these D4-branes play no role in our discussion, it is consistent
with the equations of motion (obtained from the DBI action) to set them equal to zero. The
DBI action of the D4-branes, localized at uc (uT ≤ uc ≤ ut), then reads
SD4 = −µ4
∫
d5ξ e−φ Tr
√
−detgD4 = −2KD4nD4
∫
du δ(u− uc)u
√
f(u), (22)
where gD4 is the induced metric on the D4-branes and KD4 is a dimensionless constant given
by
KD4 =
µ4
gs
R5Vol(R4)Vol(S4). (23)
There are Nc strings attached to each D4-brane giving a total of 2NF = 2NcND4 strings
with a density of 2nF = 2NcnD4. Again, the factors of 2 are for convenience in subsequent
calculations. The action for 2NF strings coupled to A0(u) on the flavor branes at ut and
attached to the D4-branes at uc is
SF = −NF
piα′
∫
d2σ
√
−detgF + 2NF
∫
Aµdx
µ
= −2KFNcnD4(ut − uc) + 2KFNcnD4
∫
A0(u)δ(u− ut)du, (24)
where gF is the induced metric on the worldsheet of the strings and KF is a dimensionless
constant given by
KF =
R2
2piα′
Vol(R4). (25)
Note that Aµ and x
µ in the first line of (24) are dimensionful, whereas in the second line their
dimensions have been scaled out according to (9). We denote the tension of the D4-branes
in the u direction at u = uc by fD4|uc . One can compute it by first varying the on-shell
action of the D4-branes with respect to uc and then multiplying the result by a factor of
[Guu(uc)]
−1/2 to account for the proper tension [11]. The tension of the strings at u = uc,
denoted by fF|uc , can similarly be computed. The magnitude of these tensions takes the
form
fD4|uc = KD4nD4u
3
4
c [3− f(uc)], (26)
fF|uc = 2KFNcnD4u
3
4
c
√
f(uc), (27)
2This statement assumes that the D4-branes, as well as the strings, do not interact with one another,
and that the strings are all stretched in the u direction.
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where to obtain (26) and (27) we have assumed that f(uc) is non-vanishing. Using (3) along
with Vol(S4) = 8
3
pi2, µ4 = 2pi(2pils)
−5 and ls =
√
α′, one deduces that 3KD4 = NcKF.
It is easy to see that, for uT < uc < ut, the two tensions given in (26) and (27) are
equal only at uc ' 1.08uT . One can show that, when perturbed away from uc ' 1.08uT ,
the D4-branes will accelerate further away. This indicates that the D4-branes are not at a
stable equilibrium at uc ' 1.08uT . A stable configuration can potentially be obtained if the
D4-branes are at uc = ut. For uc = ut, the strings have zero tension, whereas the tension
of the D4-branes is non-vanishing. Thus, in order to obtain a stable configuration, the non-
zero tension of the D4-branes must be equal to the radial tension of the flavor branes at
ut. Another potentially stable configuration is obtained when the D4-branes cross through
the horizon, so that a bundle of strings stretch between the flavor branes and the horizon.
Again, for this configuration to be stable, the tension of the flavor branes at ut must equal
the tension of the strings.
The action for the total configuration, which includes 2Nf flavor branes and a density of
2nD4 D4-branes located at ut, reads
S = −2NfC
∫ ∞
ut
du u
5
2
√
f(u)u3χ′2 + [1− A′02]− 2KD4nD4
∫
du δ(u− ut)u
√
f(u)
+2KFNcnD4
∫
A0(u)δ(u− ut)du. (28)
Setting the variation of the above expression with respect to A0 equal to zero, we obtain
d = (NfC)
−1KFNcnD4. (29)
In order for the configuration to be stable, the tension of the 2ND4 D4-branes at ut must be
equal to the tension of the flavor branes. We denote the tension of the flavor branes in the u
direction by fflavor|u. Due to the symmetry of the configuration along the u-axis, the forces
in the χ direction are already balanced. Keeping `0 fixed, the condition for the forces to be
equal at ut is
2NfCu
− 3
4
t
√
f(ut)(u8t + u
3
td
2)− c2χ = nD4KD4u
3
4
t [3− f(ut)], (30)
where cχ is given by (15). Note that nD4 in (30) is related to d through (29), and cχ is related
to `0. Thus, for fixed `0 (which is our assumption), (30) relates ut to d.
Fundamental strings As stated before, the configuration of the flavor branes with a
density of 2nF = 2NcnD4 strings stretched from the flavor branes at u = ut to the horizon is
another potentially stable configuration which can source d. The action for this configuration
is
S = −2NfC
∫ ∞
ut
duu
5
2
√
f(u)u3χ′2 + [1− A′02]− 2KFNcnD4(ut − uT )
+2KFNcnD4
∫
A0(u)δ(u− ut)du, (31)
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where the orientation of the strings is chosen to be upward, i.e. from the horizon to the
flavor branes. The relationship between the electric displacement d and nF is the same as
the one in equation (29): d = (NfC)
−1KFnF = (NfC)−1KFNcnD4.
Keeping `0 fixed, the condition for the forces to be equal at ut reads
NfCu
− 3
4
t
√
f(ut)(u8t + u
3
td
2)− c2χ = KFnFu
3
4
t
√
f(ut). (32)
Note that, due to the symmetry of the configuration along u-axis, the tensions in the χ-
direction are already balanced. Given (29) and the fact that cχ is related to `0, (32) relates
ut to d for the configuration of the flavor branes and the fundamental strings.
Instantons (dissolved D4-branes) Another possible source for d is a density nD4 of
D4-branes3 which are dissolved into the D8-branes and appear as worldvolume gauge fields
carrying instanton charge
nD4 =
1
8pi2
∫
M
TrF ∧ F. (33)
The integral in (33) is over a four-dimensional space M spanned by {x1, x2, x3, u}. These
instantons couple to the Abelian gauge field on the worldvolume of the D8-branes through
the Chern-Simons part of the action. The electrostatic repulsion among the instantons tends
to spread them out and give rise to a distribution of instantons in the u-direction, whereas
the gravitational force acts in favor of localization and makes the instantons point-like.
The competition between these two forces gives the instantons roughly an effective size of
ρ ∼ λ−1/2eff [15, 16]. Note that, for Nf = 1, finite size instantons cannot be topologically stable
and tend to become point-like, whereas for Nf > 1 this is not the case. Regardless of the
value of Nf , the instantons can effectively be treated as point-like objects for large enough
λeff . Assuming a uniform density nD4 of D4-branes localized at u = ut, the Chern-Simons
term (6) reads
SCS =
R2
2piα′
nD4NcVol(R
4)
∫ ∞
ut
A0(u)δ(u− ut)du, (34)
which, in turn, results in d = KFNcnD4. Note that nD4 is the density of D4-branes needed to
source d for half of the flavor configuration. The actual density of instantons for the entire
configuration of the D8-D8-branes should therefore be 2nD4. In the point-like instanton
approximation, one can show that the DBI plus Chern-Simons action for the configuration of
the flavor branes with a density of (point-like) instantons on their worldvolume is equivalent
3Since D6-branes can also end on D8-branes, a bundle of D6-branes stretched between the flavor branes
and the horizon is another stable configuration providing a source for d. Since a D6-brane ending on D8-
branes is a magnetic monopole on the worldvolume of the D8-branes, such a configuration will source a
density of magnetic charges in the boundary theory. We do not consider such configurations here because
we are mainly interested in turning on sources for objects which are electrically charged under A0, such as
quarks.
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(up to an F 2 term) to the action (28) for the flavor branes with a density of point-like D4-
branes localized at ut [15]. We work in this approximation in this paper and can therefore
use these two configurations interchangeably. Going beyond this approximation, it turns
out that the configuration of flavor branes with a density of finite-size instantons on their
worldvolume is thermodynamically favored over the configuration of flavor branes with a
density of point-like D4-branes [13].
3 χSB order parameter
In the holographic NJL model, the left and right-handed fermions ψL and ψR are localized at
different points in the χ direction4. At strong coupling, λeff  1, the model is essentially five-
dimensional. Thus, the one-point function of the chiral operator ψ†jL ψiR cannot be identified
as a χSB order parameter simply because it is not gauge invariant. Here, i, j, · · · denote
flavor indices. One can make a gauge-invariant chiral operator by inserting an open Wilson
line between ψL and ψR. This leads to the so-called open Wilson line operator [18]
Oij(xµ) = ψ†iL (xµ, χ = −`0/2)P exp
[ ∫ `0/2
−`0/2
(iAχ + Φ)dχ
]
ψjR(x
µ, χ = `0/2), (35)
where Aχ is the component of the gauge field in the χ direction. The non-local operator
Oij(xµ) depends on the choice of the contour for the open Wilson line insertion. For different
contours, one obtains different operators of the above type. The simplest operator is the
one for which the contour consists of a straight line traversing the χ direction. The operator
Oij(xµ) indeed represents a class of non-local chiral operators whose one-point functions can
potentially serve as χSB order parameters of the holographic NJL model (or holographic
QCD). One can slightly generalize Oij(xµ) by considering ψL and ψR to be located at two
different points in the xµ-directions, in which case we denote the corresponding operator
by Oij(xµ1 , xµ2). In analogy with the well-stablished holographic dictionary for Wilson loops
[26, 27], it was conjectured [18] that Oij(xµ), or in general Oij(xµ1 , xµ2), is holographically dual
to a Euclidean string worldsheet bounded by the flavor branes as well as the contour of the
open Wilson line at u = uΛ, while being at fixed points in the rest of the directions
5. More
precisely, the one-point function of the operator is given by
〈Oij〉 = δije−Sw , (36)
where Sw is the regularized action of the above-mentioned Euclidean worldsheet. This world-
sheet has Neumann boundary condition where it attaches to the flavor branes and Dirichlet
boundary condition on the contour at u = uΛ. Unless there is potential for confusion, we
4This is also the case for the Sakai-Sugimoto model and, in general, for transversely-intersecting D-brane
models considered in [25, 23].
5The authors of [19] discuss similar ideas on modifying the holographic QCD and NJL models in order to
be able to introduce a mass term for the fermions and compute chiral condensates. Refs. [28, 29] (see also
[30]) take another approach for computing fermion masses and chiral condensates in these models, which is
based on including the dynamics of open string tachyons in the DBI action of the flavor branes.
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will delete the xµ-dependence of Oij(xµ) as we already did in writing equation (36). Also,
we sometimes omit the flavor indices on the operator and write it simply as O. Figure 2a
shows the worldsheet dual to the simplest operator of the type in (35), the one for which
the contour C is a straight line extended in the χ direction at u = uΛ. Figure 2b depicts the
worldsheet dual to an operator with a curved contour C ′. In practice, it is hard to find the
one-point function of the Oij(xµ) operators dual to such curved worldsheets. Calculating the
one-point function of the simplest open Wilson line operator using the conjecture (36), one
then obtains a non-vanishing result for 〈Oij〉 in the vacuum (a χSB phase) of the holographic
NJL model (or holographic QCD) at zero temperature and density [18]. In this paper, we
u = ut
u = uΛ
(a)
C
χ
x0−3
u
D8D8
u = uΛ
u = ut
(b)
χ
x0−3
u
C′
D8 D8
Figure 2: (a) The worldsheet dual to the simplest open Wilson line operator: the one for which the contour
C at u = uΛ traverses a straight line in the χ direction and has a length of `0. (b) A worldsheet whose dual
open Wilson line operator has a curved contour C′.
focus on the aforementioned simplest open Wilson line operator and calculate its one-point
function, the χSB order parameter, in different phases of the holographic NJL model at
finite density and finite temperature. We would like to know how the χSB order parameter
responds to simultaneously turning on chemical potential for the baryon number density and
temperature in the holographic NJL model. We start our analysis by considering first the
case of zero temperature but finite density of the model.
3.1 Finite density and zero temperature
At zero temperature but finite density, the configuration of flavor branes and fundamental
strings should be discarded. This is because the background geometry does not have an
event horizon, in which case the strings have to be stretched from the flavor branes at
u = ut all the way down to u = 0, where the background curvature (in units of ls) becomes
large and the supergravity approximation breaks down. Thus, we are left with either a
U-shaped configuration of flavor branes for which d = 0, or else a configuration with finite
density for which point-like D4-branes are attached to the flavor branes at ut and source
15
the finite value of d. On physical grounds, for small enough values of chemical potential,
one expects the baryon states not to be able to populate, which results in the solution
with zero density being preferred. Beyond a critical chemical potential, which is basically
equal to the mass of the baryons (in the approximation where the interactions amongst the
baryons are neglected), the expectation is that the solution with a non-vanishing density
is thermodynamically favored. It has been shown in [11, 13] that such expectations are
met in the Sakai-Sugimoto model: for µ < µcr, where in the holographic setup µcr is the
total mass of the point-like D4-branes, the U-shaped flavor configuration has lower free
energy, whereas for µ > µcr the configuration of flavor branes with a density of point-like
D4-branes localized at ut is favored. It is easy to show that the holographic NJL model
also shows similar behavior. Although the holographic NJL model at zero temperature and
finite density behaves qualitatively the same, the field-theoretic NJL models can exhibit
rather different behavior. In particular, at zero temperature, the field-theoretic NJL models
undergo a χSR phase transition at high enough baryon chemical potentials, or densities, (for
example, see [2]).
On the other hand, this is not what occurs in the holographic NJL model up to leading
order in large Nc, since the flavor branes are always connected at zero temperature. Recall
that the actions of both point-like D4-branes and flavor branes scale as Nc (to be more
precise, NfNc), whereas the action for the background geometry scales as N
2
c . While the
configuration of flavor branes and point-like D4-branes does not back-react on the geometry
to leading order up in Nc, it does so through the 1/Nc corrections. Taking into account the
back-reaction, it is plausible that the holographic NJL model may exhibit a χSR phase at
zero temperature but finite chemical potential. It is interesting to study this particular issue
further. In this section, we calculate the χSB order parameter 〈Oij〉 up to leading order in
large Nc and large λeff for the above two phases of the holographic NJL model and determine
its dependence on both the baryon chemical potential µ and baryon number density nB ∼ d.
In order to calculate 〈Oij〉, we need to know the profile u = u(χ) of the flavor branes.
Recall that the worldsheet is bounded by the flavor branes defined by the curve u = u(χ)
and by the contour at u = uΛ. For µ < µcr, the configuration of the flavor branes is U-shaped
where the density is zero. Setting f(u) = 1 and ∂χA0 = 0 in (19), one obtains from the
action the first integral of motion
u4√
1 + u−3(∂χu)2
= u40, (37)
where u0 is a non-vanishing constant for a U-shaped configuration. Given that u(±`0/2) =
uΛ, (37) yields
`0 =
1
4
B
( 9
16
,
1
2
) 1√
u0
, (38)
where to obtain (38) we have ignored terms subleading in uΛ. We want to calculate the area
of a Euclidean worldsheet bounded by the curve u = u(χ) which is given by (37). In the
absence of gauge fields on the worldvolume of the flavor branes, the string action is given by
Sw =
1
2piα′
∫
d2σ
√
dethαβ, hαβ = GMN∂αx
µ∂βx
ν . (39)
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The string equation of motion then reads
∂α∂βx
µ − Γγαβ∂γxµ + Γµνρ∂αxν∂βxρ = 0, (40)
where α, β, γ = {σ1, σ2} denote the worldsheet coordinates while xµ are spacetime coordi-
nates. Γγαβ and Γ
µ
νρ are the connections that correspond to the induced worldsheet metric
hαβ and the background metric Gµν , respectively. It is straightforward to see that taking
σ1 = Rχ, σ2 = Ru, and xµ(σ1, σ2) = xµ0 (µ 6= χ, u), (41)
where xµ0 is a constant, solves the string equation of motion (40). This worldsheet, depicted
in Figure 2a, is the simplest worldsheet and was considered in [18]. The on-shell action of
this worldsheet takes the form
Sw =
R2
2piα′
∫
dudχ
√
GuuGx4x4
=
R2
2piα′
∫
dχ[uΛ − u(χ)]
=
R2
2piα′
`0uΛ − R
2
8piα′
R3/2B
( 7
16
,
1
2
)√
u0, (42)
where uΛ is a cutoff. The linearly diverging piece in the third line of (42) has no effect on
our discussion and can, in fact, be absorbed in the definition of 〈Oij〉 [18]. This term could
either be subtracted away by hand or else done so automatically by performing a Legendre
transform on the string action along the lines of [31] (see, also [32]). Dropping the linear
divergent term and using (3), (38) and the fact that λ5 = (2pi)
2gsNcls, we arrive at
Sw = −cλeff , (43)
where c = B
(
7
16
, 1
2
)
B
(
9
16
, 1
2
)
/128 ' 0.008. Note that (43) is the area of the worldsheet up
to leading order in λeff . The subleading corrections in λeff for this worldsheet have been
calculated in [20]. In this paper, we determine 〈Oij〉 up to the leading order in λeff . For
the χSB order parameter in a phase of the holographic NJL model where chiral symmetry
is broken and the density is zero (or equivalently, for µ < µcr), substituting (43) into (36)
yields
〈Oij〉 = δijecλeff . (44)
Not surprisingly, the result in (44) is the same as the one obtained in [18] for the holographic
NJL model at zero temperature and zero baryon chemical potential.
For d 6= 0, there is a density of point-like D4-branes on the gravity side attached to the
configuration of flavor branes at ut. To find the profile of the flavor branes in this case, we
eliminate ∂χA0 between (20) and (21) which, having set f(u) = 1, results in
(∂χu)
2 =
u3
u8∗
(
u8 + u3d2 − u8∗
)
, (45)
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where u8∗ = c
2
χ is a constant. From (45) we obtain
`0
2
= u4∗
∫ ∞
ut
du
u3/2
√
u8 + u3d2 − u8∗
, (46)
and from (30) we have
u8∗ = u
8
t +
8
9
u3td
2. (47)
We are not aware of a closed-form solution for the integral in (46). However, one can perform
an analytical approximation in the limit of small d. Namely, the integrand in (46) can be
expressed as an expansion for d2/u5∗  1. Defining v8 = u8 +u3d2, (47) can be approximated
to leading orders to be
`0
2
' 1√
u∗
[
I3()− 99
2
2I13()
]
, (48)
where
In() =
∫ ∞
1+2
dv
vn/2
√
v8 − 1 , and 
2 =
1
72
d2
u5∗
. (49)
Note that, to obtain (48), we have dropped terms subleading in uΛ. Expanding the integrals
in (48) and keeping terms up to 2 yields
`0
2
' 1√
u∗
[
I3(0)− 1√
2
+
99
2
2I13(0)
]
=
1√
u∗
[1
8
B
( 9
16
,
1
2
)
− 1√
2
+
99
16
B
(19
16
,
1
2
)
2
]
=
1√
u∗
[1
8
B
( 9
16
,
1
2
)
− 1
12
u−5/2∗ d+
11
128
B
(19
16
,
1
2
)
u−5∗ d
2
]
. (50)
For fixed `0, (50) along with (47) provides a relation between ut and d for small values of
d. As is well known, in holographic models the radial direction translates into an energy
scale of the dual field theories. In particular, in our holographic setup, ut can be thought
of as the energy scale at which spontaneous χSB happens. It can be shown from (50) that
this scale decreases with the density d in the limit of small d. Numerically, one can verify
that this scale keeps decreasing with the density d until d ≈ 0.05, beyond which it increases.
Indeed, this behavior has already been observed in [11], where a plot of ut versus density
was presented for the Sakai-Sugimoto model at finite temperature and density.
For d 6= 0, the string action (39) now has an additional boundary term
Sb.d. =
R2
2piα′
∫
A0dt, (51)
which modifies the string equation of motion (40). But, it can easily be shown that the
worldsheet extended in the χ − u plane and at a fixed point in the rest of the directions
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is still a solution. Having subtracted the linear divergent term and ignoring terms that are
subleading in uΛ, the area of this worldsheet reads
Sw = − R
2
piα′
u4∗
∫ ∞
ut
du
u1/2
√
u8 + u3d2 − u8∗
. (52)
Changing variable to v8 = u8 + u3d2 and working in the d2/u5∗  1 regime, (52) is approxi-
mated by
Sw ' − R
2
piα′
√
u∗
[
I1()− 81
2
2I11()
]
= − R
2
piα′
√
u∗
[1
8
B
( 7
16
,
1
2
)
− 1√
2
+
81
16
B
(17
16
,
1
2
)
2
]
= −
[1
8
B
( 7
16
,
1
2
)
− 1
12
u−5/2∗ d+
9
128
B
(17
16
,
1
2
)
u−5∗ d
2
]
. (53)
Eliminating u∗ between (48) and (53) yields, to leading order,
Sw = −cλeff
(
1− 2.1`50d
)
. (54)
This results in
〈Oij〉d = 〈Oij〉
[
1− 0.02λeff`50d
]
, (55)
where 〈Oij〉d denotes the χSB order parameter at finite density. In order to obtain 〈Oij〉d
for arbitrary values of d, the integrals in (48) and (53) should be evaluated numerically.
Figure 3 shows how 〈Oij〉d (normalized by its zero density counterpart 〈Oij〉) varies with
the density d. Although not shown here, it could easily be verified that the scale of χSB,
which is proportional to ut, exhibits rather similar behavior as a function of the density d
as what is shown in the plot of 〈Oij〉d in Figure 3. Namely, they both decrease with d until
d ≈ 0.05, beyond which they both increase. It has previously been found in [21] that the scale
of χSB and the χSB order parameter 〈Oij〉d also share similar behavior in the presence of
background electric and magnetic fields in the holographic NJL model: they both increase
(decrease) with a magnetic (electric) field. However, these quantities only have the same
qualitative features at zero temperature. In particular, in the holographic NJL model at
finite temperature, ut − uT decreases with temperature, whereas the χSB order parameter
increases with temperature.
Given the relationship between the density d and the chemical potential µ, we can use
(55) to determine the leading-order dependence of the χSB order parameter on the chemical
potential. It was shown in [11, 13] that, in order to identify A0(∞) with the chemical
potential, one must identify A0(ut) with the total mass of point-like D4-branes localized at
ut (the baryons). Rescaling the chemical potential according to (2NfC)µ → µ, then from
(14), (15) and (22) one obtains
µ =
∫ ∞
ut
u3/2d√
u8 + u3d2 − u8∗
du+
R2
3piα′
ut, (56)
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Figure 3: 〈Oij〉d/〈Oij〉 as a function of d. We have set R = `0 = 2piα′ = 1, which all together gives
λeff = 8pi2. We have also chosen the cutoff to be uΛ = 10. The plot is qualitatively the same for other values
of `0 and uΛ. Although we cut the plot at d ' 0.3, 〈Oij〉d is monotonic in d for d > 0.3.
where ut is given in (47). The value of µ for d = 0, denoted by µcr, is
µcr =
R2
3piα′
u∗ =
1
192pi2
[
B
( 9
16
,
1
2
)]2λeff
`0
. (57)
For µ < µcr, the U-shaped configuration of the flavor branes is dominant, whereas for µ > µcr
the configuration with lower (grand) free energy is made of flavor branes with a density of
point-like D4-branes localized on the flavor branes at ut. For d
2/u5∗  1, the expression in
(56) approximately equals
µ− µcr ' 6
√
2u∗
[
I−3()− 2
√
2R2
9piα′
+
45
2
I7()
2
]
= 6
√
2u∗
[1
8
B
( 3
16
,
1
2
)
−
( 1√
2
+
2
√
2R2
9piα′
)

]
, (58)
where in the second line we have kept terms up to order 2. Using (48), the expression in
(58) can be rewritten as
µ− µcr ' 8B
( 3
16
,
1
2
)
B
( 9
16
,
1
2
)−3
`30d. (59)
Substituting (59) into (55) gives
〈Oij〉µ = 〈Oij〉
[
1− 0.009λeff`20(µ− µcr)
]
, (60)
for 0 < µ − µcr  µcr. Note that 〈Oij〉µ denotes the χSB order parameter as a function of
chemical potential. Thus, 〈Oij〉µ decreases with µ for small enough µ − µcr (compared to
µcr). For arbitrary µ, 〈Oij〉µ can be calculated numerically. The result is given in Figure 4,
where we have again taken R = `0 = 2piα
′ = 1 and uΛ = 10. For this choice of parameters,
µcr =
1
24
[
B
(
9
16
, 1
2
)]2
' 0.35. Although Figure 4 is for particular values of the parameters,
we find that the qualitative behavior of 〈Oij〉µ is the same for other values of `0 and uΛ. Note
that at the phase transition which happens at µcr ' 0.35, the χSB order parameter as a
function of chemical potential is continuous, whereas its derivative jumps.
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Figure 4: 〈Oij〉µ/〈Oij〉 as a function of µ. For µ < µcr ' 0.35, the U-shaped configuration is dominant and
〈Oij〉µ does not change with µ. For µ > µcr, the configuration of flavor branes with a density of point-like
D4-branes is dominant and 〈Oij〉µ initially decreases linearly with µ for µ− µcr  µcr.
3.2 Finite density and temperature: χSB phase
As we alluded to earlier, at finite temperature but zero density there is a first-order χSR
phase transition at the temperature TχSB ' 0.15 (in units of `−10 ). Below TχSB, the U-shaped
solution is energetically favorable and the interpretation is that the chiral symmetry of the
holographic NJL model is spontaneously broken. For temperatures greater than the critical
temperature, the configuration of parallel branes is thermodynamically favored, which is to
say that chiral symmetry gets restored. It was shown in [21] that the χSB order parameter
increases with temperature as the critical temperature is approached from below. In the
χSR phase, on the other hand, the χSB order parameter vanishes since the dual worldsheet
has infinite area.
At finite temperature and density, the critical temperature above which chiral symmetry
is restored decreases with the chemical potential [9, 11]. At small enough values of tem-
perature and chemical potential (compared to `−10 and µcr(T ), respectively), the U-shaped
configuration of flavor branes is favored so that the dual field theory is in a χSB phase with
no density. Increasing the temperature (while keeping the chemical potential fixed at a low
value), one finds that parallel branes supporting a non-trivial density are favored. This im-
plies that the dual field theory is in a χSR phase at finite density. Increasing the chemical
potential (and keeping the temperature fixed at a low value) results in flavor branes with a
density of point-like D4-branes being favored. Thus, the model is in a χSB phase at finite
density. At high enough temperatures and chemical potentials, the configuration of parallel
flavor branes which supports a non-trivial density is preferred, implying that the dual field
theory is in a χSR phase at finite density. A schematic diagram of the various phases of
this model with respect to the temperature and chemical potential is given in Figure 5. A
similar diagram has already been obtained numerically in [11] for the Sakai-Sugimoto model.
The only difference here is that, for the holographic NJL model, there is no confinement-
deconfinement phase transition.
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Figure 5: A schematic phase diagram of the holographic NJL model at finite temperature and chemical
potential.
We will denote the χSB order parameter at finite density and finite temperature by
〈Oij〉d,T . In order to calculate 〈Oij〉d,T at finite temperature and density, we note that the
profile of flavor branes satisfies
u4f(u)
√
1 + u−5d2
1 + u−3(∂χu)2
= u4∗, (61)
where u∗ is a constant. Given the boundary condition u(±`0/2) = uΛ, one obtains from (61)
(ignoring terms subleading in uΛ) that
`0
2
= u4∗
∫ ∞
ut
du
u3/2
√
f(u)[f(u)(u8 + u3d2)− u8∗]
, (62)
where ut (which satisfies (30)) is implicitly given by
u8∗ = f(ut)[u
8
t + u
3
td
2]− 1
36
u3td
2[3− f(ut)]2. (63)
It is easy to show that the string equation of motion (40) has a solution with a worldsheet
extended only in the χ−u plane and at a fixed point in all other directions. The regularized
area of this worldsheet (with the linear divergent term subtracted) reads
Sw = − R
2
piα′
u4∗
∫ ∞
ut
du
u1/2
√
f(u)[f(u)(u8 + u3d2)− u8∗]
. (64)
At low temperatures and small densities, the configuration of flavor branes with a density
of point-like D4-branes is dominant. This results in the holographic NJL model being in
a χSB phase at finite density. In this regime, d2/u5∗  1 and uT/u∗  1. Defining v8 =
f(u)(u8 + u3d2) enables one to approximate `0 and Sw in (62) and (64) as
`0
2
≈ 1√
u∗
[
1
8
B
(
9
16
,
1
2
)
− 1
12
u−5/2∗ d+
1
128
B
(
15
16
,
1
2
)
u−3∗ u
3
T
]
, (65)
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and
Sw ≈ R
2
piα′
√
u∗
[
1
8
B
(
7
16
,
1
2
)
− 1
12
u−5/2∗ d−
1
128
B
(
13
16
,
1
2
)
u−3∗ u
3
T
]
, (66)
respectively. Eliminating u∗ between (65) and (66) gives
Sw = −cλeff
[
1− 2.1`50 d+ 136.2`60 T 6
]
, (67)
where we have used (11) to express uT in terms of the dimensionless temperature T . This
results in
〈Oij〉d,T = 〈Oij〉
[
1− 0.02λeff`50 d+ 1.09λeff`60 T 6
]
. (68)
Thus, for small values of temperature and density, the χSB order parameter of the holo-
graphic NJL model decreases (linearly) with density and increases with temperature as T 6.
The relationship between µ (rescaled by 2NfCµ→ µ) and d at finite temperature reads
µ =
∫ ∞
ut
u3/2d√
f(u)(u8 + u3d2)− u8∗
du+
ut
3piα′
, (69)
where ut is given in (63). The value of µ at d = 0 and low temperature is
µcr(T ) ' λeff
192pi2`0
[
B
(
9
16
,
1
2
)]2 [
1 + 512 B
(
15
16
,
1
2
)
B
(
9
16
,
1
2
)−7(
4pi`0
3
)6
T 6
]
, (70)
from which we see that, at least in the limit of small temperatures, the critical value of µ
increases when the temperature is turned on. For µ < µcr(T ), the U-shaped configuration
is dominant, whereas for µ > µcr(T ) the dominant configuration is made of flavor branes
with a density of point-like D4-branes. Figure 6 is a numerical result which shows how
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Figure 6: Plot of µcr as a function of T .
µcr(T ) depends on the temperature. Although Figure 6 shows µcr(T ) dramatically decrease
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for larger temperatures, this does not actually occur since this would only take place for
temperatures which are greater than where the χSR phase transition happens.
Since a non-zero temperature does not alter the relation (59) between µ and d at the
lowest order, we can rewrite (68) in terms of µ as
〈Oij〉µ,T = 〈Oij〉
[
1− 0.009λeff`20 (µ− µcr) + 1.09λeff`60 T 6
]
, (71)
for µ−µcr  µcr. Keeping the temperature low while increasing the density, the system stays
in the same phase. In order to obtain 〈Oij〉d,T in this regime, the integrals in (62) and (64)
should be evaluated numerically. Figure 7 shows the behavior of the χSB order parameter
〈Oij〉d,T/〈Oij〉 as well as ut−uT at low temperatures but arbitrary density. As was the case for
the zero temperature, at fixed temperature both of these quantities decrease with d for small
d and then increase for larger d. On the other hand, at a fixed small density d, 〈Oij〉d,T/〈Oij〉
increases with temperature, whereas ut − uT decreases with temperature at a fixed density
of arbitrary value. However, from Figure 7a it appears that 〈Oij〉d,T/〈Oij〉 actually decreases
with temperature for a fixed density at a larger value. Thus, the behavior of 〈Oij〉d,T/〈Oij〉
and ut − uT are qualitatively the same (opposite) for smaller (larger) densities.
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Figure 7: (a) 〈Oij〉d,T /〈Oij〉 as a function of T and d in a χSB phase of the holographic NJL model at low
temperatures but arbitrary density. (b) ut − uT as a function of T and d in the same phase.
3.3 Finite density and temperature: χSR phase
At high enough temperatures and densities, parallel branes which support a non-vanishing
density are thermodynamically favored. Thus, the holographic NJL model at high tempera-
ture and density is in a χSR phase. Since Oij is charged under chiral symmetry, one should
be able to show that 〈Oij〉d,T vanishes identically for any contour at u = uΛ, given that the
string boundary conditions on parallel flavor branes are preserved. Although it is challenging
to explicitly show that 〈Oij〉d,T vanishes in general for any contour, in this section we consider
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a contour that is straight along the χ direction and analyze the corresponding worldsheets in
the χSR phase of the model. The string equation of motion admits a solution for which the
worldsheet only extends in the u and χ directions and is located at fixed points in the rest
of the directions. Such a worldsheet does not couple to A0 on the flavor branes and is the
simplest possible worldsheet one can study. Since the flavor branes do not form a U-shaped
configuration above the horizon, this worldsheet has to go through the horizon. To better
analyze the worldsheet, we first consider the situation for which the background geometry
(10) has Minkowski signature. We then consider the worldsheet in the Wick-rotated version
of the background geometry. This will enable us to compute the thermal expectation value
of the dual operator in the χSR phase (with finite density) of the holographic NJL model.
In order to study the worldsheet bounded by parallel branes in the background geometry
(10), it is convenient to use Kruskal coordinates since this enables us to see what happens to
the worldsheet as it passes through the horizon. First, let’s scale u→ uTu and xµ → u−1/2T xµ
in (10) so that the horizon is now located at u = 1. Next, define the Kruskal coordinates by
v = +e3(t+r)/2, w = −e−3(t−r)/2, (72)
where r is related to u through
dr
du
=
u3/2
u3 − 1 . (73)
Note that r ≈ 1
3
ln(u− 1) near u = 1, so in the new coordinate the horizon is located along
the v and w axes. The singularity, on the other hand, corresponds to the curve vw = 1. In
Kruskal coordinates, the background metric takes the form
ds2
γ2
= −p(v, w)dvdw + q(v, w)d~x2 + s(v, w)dΩ24, (74)
where γ2 = 4pi
3
TR2, and p(v, w), q(v, w) and s(v, w) are related to the Schwarzchild-like
coordinate u through
p(v, w) =
4
9
u3 − 1
u3/2
, q(v, w) = u3/2, s(v, w) = u1/2. (75)
Since vw = −e3r, p(v, w), q(v, w) and s(v, w) are all functions of vw only. As we alluded
to earlier, the simplest worldsheet is extended only in the u and χ directions. Suppose that,
with regards to the Schwarzschild time coordinate, the worldsheet is at t = t0. In Kruskal
coordinates, this translates into w = −e−3t0v. Since the worldsheet does not depend on time,
one can shift t = t0 to t = 0, which results in the worldsheet being described by the line
w = −v in Kruskal coordinates. Thus, the worldsheet, depicted in Figure 8 by the horizontal
line, passes through the bifurcate horizon and goes to the second asymptotic region in the
extended geometry where it has nowhere to end. In other words, the worldsheet has infinite
area, which results in 〈Oij〉 = 0.
The analytic continuation of 〈Oij〉 to Euclidean signature should be interpreted as a
thermal expectation value of the operator. Thus, upon Wick rotation, we should again find
that the worldsheet has infinite area, which results in a vanishing thermal expectation value
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Figure 8: The Kruskal diagram of the background geometry. The horizontal line depicts the infinite-area
worldsheet.
of the dual operator. Let’s see this explicitly. To analyze the behavior of the worldsheet, it
suffices to just look at the t− u plane, since the χ direction simply comes along for the ride.
Near u = 1, the Euclidean version (dt2 → −dt2E) of the background metric (10) in the t− u
plane takes the form
ds2
γ2
= dρ2 + ρ2dθ2, (76)
where ρ = 2
√
u− 1/√3 and θ = 3tE/2. Since the period of tE is given by (11), the period
of θ is 2pi and the geometry is smooth at ρ = 0 (u = 1). In the {ρ, θ}-coordinates, the
worldsheet is located at ρΛ in the UV region and is at a fixed value of θ, say θ = 0. This
worldsheet passes through the horizon and emerges at the antipodal point θ = 2pi/3, where
there is no O insertion on which it can end. Equivalently, the worldsheet has infinite area,
which results in 〈Oij〉 = 0. This implies that the χSB order parameter is discontinuous at the
tri-critical point on the phase diagram of the holographic NJL model at finite temperature
and chemical potential (Figure 5), where the three distinct phases of χSB with zero density,
χSB with non-zero density and χSR with non-zero density are equally thermodynamically
favored.
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